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Abstract. The evaluation of second-order effects of steel framed structures can provide different analysis results than using 
linear analysis methods. In various structural engineering literature were distinguished different methods of analysis: tak-
ing or without taking into account second-order effects. It depends on the sensitivity to the horizontal actions. The slen-
derer the structure, the more sensitive it is to horizontal actions. Using nonlinear methods, the sensitivity of steel frame to 
second-order impact is considered. This paper shows the importance of evaluations of the second-order effects in behav-
iour of steel frame structures. Performed investigations reveal the influence of the rotational stiffness of the joints to the 
behaviour of whole framed structure. Calculation results show that decreased flexibility of the semi-rigid joints increase 
sensitivity of the framed structure to the second-order effects and vice versa. The identified interdependence between the 
sensitivity to the second-order effects and the flexibility of the semi-rigid joints highlights the importance of evaluation of 
such dependencies.
Keywords: numerical modelling, steel framed structures, structural analysis, second-order analysis, Eurocode 3, semi-rigid 
joints, sensitivity to the second-order effects.
Introduction 
Modern construction industry focuses on the rational de-
sign of sustainable building. The challenges of recent sus-
tainable development require a reliable solution (Zavads-
kas et al., 2013), which, in many cases, is characterized by 
accurate structural analysis and advanced design solutions 
(Turskis et al., 2019). Steel structures, compared with the 
other, are slender (Giżejowski et  al., 2017), and chosen 
analysis and numerical modelling methods could have 
huge impact to the design result of the framed structure 
(Kala, 2016) and selection of steel elements (Morkhade & 
Gupta, 2015). Slenderness of steel structures are the deter-
mining factor for design sensitivity for second-order im-
pacts (Yoo & Lee, 2011). The second-order effects analysis 
differs from the first-order by the fact that the deformed 
shape of the structure is evaluated. Deformed shape of 
the structure (second-order factors) must be taken into 
account if they significantly change the value of internal 
forces or substantially change the behaviour of the struc-
ture (Dell‘Aglio et al., 2019; Park & Yeo, 2017). Additional 
aim of this paper is to show the close relationship between 
behaviour of semi-rigid joints and the need to use the sec-
ond-order analysis.
Literature analysis shows, that there are a lot of options 
for the designer himself to decide how to evaluate the ef-
fects of the structural nonlinearities (Silva et al., 2013; Wal-
port et al., 2019). The calculations of steel frame structures 
do not specify the analysis methods that properly evaluate 
the sensitivity of the frame to the second-order effects by 
introducing semi-rigid joints. In reality we can not ignore 
flexibility of the joints, as well as the second-order effects 
in steel frame structures (Chiorean, 2017). These factors 
as individually acting have been extensively analysed long 
ago, but the combined effect of the two and specifically 
the influence of semi-rigid joints on second-order effects 
is not widely analysed in the literature. According to this 
and the lack of experience in the usage of techniques that 
causes the misinterpretation of the results (Truong et al., 
2017; Bhatti, 2017; Kim & Troung, 2020).
1. Methods of analysis of steel frames
Cross-beam deforms horizontally, but joint of the left cor-
ner of the frame does not have a horizontal displacement 
until reaching the critical load – it provides the classi-
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cal theory of Euler. However, depending on the column 
slenderness, the residual stresses and initial imperfections 
have a significant effect on the load bearing capacity of the 
column (Desai, 2018). These factors determine that the 
structure gradually horizontally deformed before reach-
ing the critical load. This deformation affects the appear-
ance of secondary second-order moments, which further 
reduces the structural bearing capacity. In the literature, 
the second-order global (frame) and local (element) ef-
fects are often divided into (frame) P-Δ and P-δ (element) 
(see Figure 1). P-δ effects occur along the element, and at 
the ends of the elements P-Δ (Ziemian, 2010).
The main purpose of the article is to show the sensitiv-
ity of the frame structures for the second-order impacts 
and the meaning of this αcr coefficient as compared to the 
full second-order analysis; to study the influence of semi-
rigid joints when second-order effects are evaluated. In or-
der to achieve the results, it is used the elastic second-or-
der analysis which is permitted in all cases. Therefore, the 
code provides three main methods for assessing the effects 
of the second-order and the deformations according to the 
type of frame and the chosen type of overall analysis (see 
European Comitee for Standardization [CEN], 2005a):
1) In basic, simple cases – checking the stability of in-
dividual elements. Here the buckling length is taken 
under the common form of buckling; 
2) By partially applying an overall analysis, and partly 
by checking the stability of the individual elements; 
3) A detailed second-order analysis is applied.
This paper presents the analysis of steel frame struc-
tures with different stiffness of joints is considered. Be-
cause joints tend to deform due to bending moments of 
the operation are generally critical and has the largest in-
fluence on the results obtained in the analysis of structures 
(Yoo & Lee, 2011). Frame structure is considered without 
bracing members, although they are often an integral part 
of frame structures that have a significant effect on their 
behaviour (Králik, 2013), but this work does not take into 
account their influence. Steel frames are only analysed in 
a plane of the frame. The analysis of the frame is only 
in-elastic second-order analysis (analysing only geomet-
ric nonlinearities) is considered (The Steel Construction 
Institute, 2009).
2. Sensitivity of the steel frame  
to second-order effects
Sensitivity to second-order effects (CEN, 2005a; Silva et al., 
2013) is determined using the elastic critical load Fcr and 
active force FEd ratio, expressed through the coefficient 
αcr. This coefficient is calculated by using Equation (1), 
the results obtained from the stability analysis, taking into 







α = ,  (1)
where: αcr  – the factor by which the design loading 
would have to be increased to cause elastic instability in 
a global mode; Fcr – the elastic critical load; FEd – active 
force.
The beams and columns plane type frames may be 
considered as restrained from horizontal displacements, 
so the analysis of the first-order αcr counted in each floor. 
Figure 1. Second-order effects P-Δ and P-δ  
(source: Ziemian, 2010)
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Using analytical Equation (2), frames with rigid joints sen-










where: HEd – the total design horizontal load transferred 
by the storey (storey shear); VEd – the total design vertical 
load on the frame transferred by the storey (storey thrust); 
δH,Ed – the horizontal displacement at the top of the sto-
rey; h – the storey height.
For multi-storey frames second-order effects may be 
approximately calculated by increasing the horizontal 
loads HEd (e.g. wind) and equivalent loads VEd φ due to 








On condition that αcr ≥ 3.0,
where αcr is been calculated according Equation (2).
EN 1993-1-1 (CEN, 2005a) allows simplification of 
second-order effects evaluation when αcr value is between 
3 and 10. This allows much shorten the course of the cal-
culations and make them faster than the full second-order 
analysis, and the results are close enough.
Before starting to analyse the structures of steel frames, 
there are restrictions that apply throughout the analysis. 
According to this analysing the selected frame in the sec-
ond limit state conditions have been previewed, but it was 
not the primary criterion for assessing the behaviour of 
the steel frame. The cross sections of the frame were se-
lected based on the load bearing capacity of the element 
when designing the model for overall analysis, however 
the requirements of the serviceability limit state have not 
been applied.
3. Calculations of the frame  
with ideally rigid joints
As mentioned before, one of the aims of this paper is to 
show the close relationship between behaviour of semi-
rigid joints and the need to use the second-order analysis. 
First of all, to obtain the results of this relationship, the 
calculations were started using rigid joints in the struc-
ture. After the results were obtained, the semi-rigid joints 
were introduced to the structure.
Calculations were performed with one-storey, two- 
and three-storey frame structures. The paper presents the 
results of a two-storey frame structure because they ad-
equately reflect the pattern of behaviour of frame struc-
tures. The behaviour of one-storey frame is reflected by 
the behaviour of the upper floor. And the behaviour of a 
three-storey frame is similar to the behaviour of a two-
storey frame structure. The only difference is that the sen-
sitivity of the first floor of a three-storey frame to horizon-
tal effects is even higher than that of a two-storey frame.
Numerical calculations are performed with a multi 
support two-story steel frame which is covered by three 
different loading schemes. Joints of the frame accepted as 
rigid ones. The frame is loaded by permanent, imposed 
and variable loads, including the fictitious horizontal loads 
that model the imperfections of the frame. It involves op-
erating load combinations for computational models are 
obtained: in a first case of a first combination predominant 
load is the usage or snow load, and in the second case 
predominant load is wind load. And changing the distri-
bution of the imposed load on the floor precisely generates 
3 computational load combinations. The general scheme 
of the frame with the layout of the elements is shown in 
Figure 2.
Steel frame is calculated using a loading scheme where 
the imposed load on the intermediate floor is distributed 
in three different ways in order to know which version of 
the load distribution is the most dangerous and the most 
affective for second-order effects. In the first case, the im-
posed load is evenly distributed on the intermediate floor. 
In the second case, the load is distributed in chess order 
and finally, in the last case, the load is distributed only in 
the middle span of the frame. Initial calculations using 
these loading methods were found to be the most sensitive 
loading option when the imposed load is evenly distribut-
ed across the floor on the intermediate floor (see Figure 3). 
In the initial calculations, it was also observed that either 
the prevailing snow or the wind do not, in real conditions, 
significantly affect the occurrence of second-order effects 
in the plane of the metal frame. Therefore, the second-
order effects are most influenced by the interacting load 
on the intermediate floor and it should be emphasized 
that the second storey of the frame at the level of the in-
termediate floor is more sensitive to second-order effects. 
Figure 2. The general scheme of the frame
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To determine the sensitivity to second order effects αcr 
criterion was used.
The actual load situation with pre-set frame columns 
and beam profiles are analysed. 
The calculations of the steel multi-storey frame per-
formed using different methods of analysis, i.e. the first-
order analysis, taking into account the initial geometry of 
the design and adapting the general initial inclination for 
the rigid frame. Also, the same frame is calculated apply-
ing a semi-rigid joint. But more about these calculations 
see next chapter of this article. According to literature 
(CEN, 2005a; Silva et al., 2013) the easiest way to deter-
mine the sensitivity of the second order effects is to use 
the analytical αcr values of each floor. The calculations 
were made using all of the mentioned loading schemes. 
The results are presented in Table 1. Analysis results has 
shown that the frame structure with the rigid joints is not 
sensitive to second-order effects. Therefore, second-order 
effects do not have a significant effect on the behavior of 
such a frame.
4. Calculations of frame taking into  
account actual rigidity of the joints
In this chapter, the steel frame in question is determined 
sensitivity second-order effects analytically calculating αcr 
values of each floor. According to the results observed in 
the steel frame with rigid joints is the least sensitive, so 
further checks on the calculation αcr validity value is per-
formed with same frame, only semi-rigid joints instead of 
rigid ones were used. The values of rotational stiffness of 
the semi-rigid joints accepted in the calculations is the av-
erage between the boundary of the pinned and rigid joints 
(CEN, 2005b). Such stiffness was achieved using column 
web stiffeners and bolted connections. 
Additional calculations were performed reduced ro-
taional stiffness of previously calculated semi-rigid joints 
by another 10%.
Results of αcr (see Table 1) shows that flexibility of the 
joints has direct impact to the behaviour of the framed 
structure and to the sensitivity of second-order effects. 
In order to reveal the impact of semi-rigid joints to the 
sensitivity of the steel frame in Figure 2, the calculations were 
made to all of the combinations of imposed load. According 
to the combinations and load variability, the most sensitive 
frame is where imposed load evenly distributed over the 
entire first floor. Also to determine the influence of semi-
rigid joints, two different rigidity types were used in the cal-
culations which showed that sensitivity is further increased 
by flexibility of the joints (Daniūnas & Urbonas, 2010). 
According to the results of the linear analysis, the com-
parative analysis of the first-order theory using the load 
factor and the second-order theory, is chosen to carry out 
frame according to the loading scheme presented in Fig-
ure 3, with semi-rigid joint (more flexible).
Since the steel frame with a semi-rigid joints sensitivity 
to second-order effects evaluating αcr the minimum value 
is less than 10, during the elastic behaviour analysis must 
take into account the second-order factors, if they signifi-
cantly increase the internal forces, or significant changes 
the behaviour of structures (see CEN, 2005a). The second-
order effects are evaluated using the first-order theory of 
increased horizontal loads (since the value of αcr is not 
less than 3) and the second-order analysis of elastic be-
haviour. The results of the general frame deviations (P-Δ) 
obtained in these two calculations are quite close.
Figure 3. Loading scheme where the imposed load evenly distributed over the entire first floor
Table 1. Values of αcr 
 
Storey Nr. 1 Storey Nr. 2
predominant load is the 
usage or snow load
predominant  
load is wind
predominant load is the 
usage or snow load
predominant  
load is wind
Joints are rigid 10.8824 13.0556 97.8958 109.714
Joints are semi-rigid 7.7746 8.9016 48.9479 73.1429
Joints are semi-rigid (rigidity reduced by 10%) 7.2536 8.5135 48.9279 65.8142
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During the overall analysis, the focus was on semi-rigid 
joints, their influence on the resulting displacements and 
the sensitivity of the steel frame to second-order effects. 
The results of displacement in the frame with semi-rigid 
joints in the analysis based on the theory of first-order and 
compared with the results obtained in the second-order 
theory, the difference is proportional to the stiffness of the 
joints (see CEN, 2005b). After the first calculation with 
semi-rigid joints, an increase in displacement up to 21% 
is obtained by applying the first-order theory using load 
factor enhancement.
The frame is analysed by a stepwise approach of load-
ing according to the loading principle discussed above. 
Initially the frame is counted linearly using rigid joints in 
the system and observing the displacements of the char-
acteristic points, which measure the second effect on each 
floor of the plane frame. Whereas rigid frame joints have 
been found to cause no second-order effects, so semi-rigid 
joints are introduced in the computational scheme. In this 
case, there is a noticeable effect of these points on sec-
ond-order effects. For this reason, a linear analysis of the 
frame is performed using a method of increasing horizon-
tal loads to obtain displacements of characteristic points. 
Such analysis is performed by proportionally reducing the 
stiffness of the semi-rigid joint, thus observing the rela-
tionship between the rigidity of the semi-rigid joint and 
the characteristic displacements of the points. The final 
results are given in the table below (see Table 2).
The discussed calculations, when semi-rigid joints are 
introduced into the calculation scheme, are repeated us-
ing full second-order analysis. The results are obtained 
under the same conditions and with the same stiffness of 
the joints as in the linear method discussed above. Full 
second-order analysis showed greater offset of character-
istic points, indicating more accurate results and greater 
sensitivity of the frame to second-order effects.
Compared to second-order analysis, the difference is 
up to 29%. But with even more joints releasing, the differ-
ence decreases to 20% in one case and up to 14% in the 
other (see Table 3).
The default plane frame is analysed in two ways to de-
termine second-order effects, that is, linear analysis using 
horizontal load enhancement and full second-order analy-
sis. Both analyses are performed under the same condi-
tions, only the displacement of the characteristic points 
is observed.
By analysing the differences between the linear analysis 
using load factor enhancement and second-order analysis, 
it can be seen that the results are close, with the difference 
up to 6% (see Table 4). 
Therefore, the closer the joint is to the supposedly 
hinged one, the higher the nodal displacement and sen-
sitivity of the second-order effect, which requires more 
detailed analysis.
After reviewing the results, the main conclusions can 
be drawn after comparing these results, that the link be-
tween the semi-rigid joints and the second-order effects in 
Euro norm is reasonable and well reflected in the results.
Collected results of the displacements using first-order 
theory with the load enhancement and the second-order 
theory, the results are very similar and differ only by 6% 
(see Figure 4). Where the results of different analyses are 
Table 2. Results of frame deformations calculated by methods 1 and 2
 
Storey No. 1 Storey No. 2
predominant load is  
the usage or snow load
predominant 
load is wind
predominant load is  
the usage or snow load
predominant 
load is wind
First-order analysis (method 1) 0.015 0.023 0.021 0.033
First-order analysis with load enhancement (method 2) 0.017 0.026 0.024 0.037
Difference in % between types of analysis 13.33 13.04 14.29 12.12
Table 3. Results of frame deformations calculated by metods 1 and 3
 
Storey No. 1 Storey No. 2
predominant load is the 
usage or snow load
predominant  
load is wind
predominant load is the 
usage or snow load
predominant  
load is wind
First-order analysis (method 1) 0.014 0.022 0.020 0.031
Second-order analysis (method 3) 0.018 0.027 0.024 0.037
Difference in % between types of analysis 28.57 22.73 20.00 19.35
First-order analysis (method 1)
(rigidity reduced by 10%) 0.015 0.023 0.021 0.033
Second-order analysis (method 3) 0.018 0.027 0.024 0.037
Difference in % between types of analysis 20.00 17.39 14.29 12.12
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presented where the uniform imposed load distribution is 
the same in each case. The frame joints were equally re-
leased for each analysis. Graphically shows the maximum 
displacements of the characteristic frame nodes during 
each analysis, allowing for analytical comparison of the 
results obtained and to make valid conclusions.
The greatest influence on the results obtained is not 
the arrangement of the loads, nor the imposed load, but 
the joints of the frame. Therefore, the more the joint ap-
proaches the folding, the greater the displacements and 
the lower value of αcr, this means a growing need for more 
accurate calculations of performance.
As mentioned at the beginning of the chapter 3, the 
calculations were performed with one-storey, two- and 
three-storey frame structures. The behaviour of the one-
storey frame is well reflected by the behaviour of the up-
per-floor two-storey frame. And the behaviour of a three-
storey frame is similar to the behaviour of a two-storey 
frame structure. The only difference is that the sensitiv-
ity of the first floor of a three-storey frame to horizon-
tal effects is even higher than that of a two-storey frame. 
Therefore, the higher the building, the lower the storeys of 
the building become more sensitive to horizontal displace-
ments and at the same time to the second-order effects.
Conclusions
1. The analysis of the influence of joints’ rotation stiff-
ness on the behaviour of steel frame was performed. 
The results show that the joints are more flexible, 
the frame more sensitive to horizontal displacement 
and second-order effects, respectively. 
2. The performed calculations showed that the rota-
tional stiffness of the semi-rigid joints and its pro-
portional decrease in the frame analysis influenced 
the sensitivity of the frame to the second-order 
effects. When the rotational stiffness of the semi-
rigid joints of analyzed two-storey frame decreases 
by 20%, then αcr of the first storey level decreases 
by almost 7%. At the same time, the sensitivity of 
the upper floor to the second-order effects changes 
insignificantly.
3. The comparison of horizontal displacements of the 
frame structure was obtained according to the fol-
lowing three methods:
 – linear analysis without taking into account struc-
tural imperfections (method 1);
 – global analysis partially accounts for imperfec-
tions (global structural imperfections) and sec-
ond-order effects (global effects), while individual 
stability checks on members (clause 6.3) intrinsi-
cally account for member imperfections and local 
second-order effects (method 2); 
 – global analysis directly accounts for all imperfec-
tions and all second-order effects (method 3).
The difference in results between the method 1 
and methods 2 and 3 up to 14 and 20% respectively. 
Such a differences are significant. Therefore, second-
order effects need to be evaluated.
While the difference in results between methods 
2 and method 3 is up to 6%. Thus, either of these 
two methods can be used. However, method 2 has 
shown a slightly larger displacement.
4. The Eurocode focuses on the design of steel frames 
using semi-rigid joints. The use of flexible semi-rig-
id joints increases the importance of second-order 
effects for the behaviour of structures. Therefore, 
in many cases, geometric nonlinearities need to 
be considered when analysing two-story and taller 
buildings. The results of the analysed two-storey 
framed structure show that.
Table 4. Results of frame deformations calculated by methods 2 and 3
 
Storey No. 1 Storey No. 2
predominant load is 
the usage or snow load
predominant 
load is wind
predominant load is 
the usage or snow load
predominant 
load is wind
First-order analysis with load enhancement (method 2) 0.017 0.026 0.024 0.037
Second-order analysis (method 3) 0.018 0.027 0.024 0.037
Difference in % between types of analysis 5.88 3.85 0.00 0.00
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